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Abstract 

 
The extension problem for the axiomatic concepts of pseudo-arithmetic operations {⊕ ̅,⊙ ̅,⊖ ̅,⊘ ̅} supported by g ̅-Functions 
are treated in the field of Pseudo-Analysis by many authors, opening new paths for development and investigation of their role 
as well as for the modifying and modified functions. The g ̅-Negation of the negation N is presented in this paper transformed 
by the g ̅-Function as a general or normed generator g ̅=g ̅_(a,r) in Pseudo-Analysis, where the role of the extended pseudo-
arithmetic operations sistem {⊕ ̅_g ̅ ,⊙ ̅_g ̅ ,⊖ ̅_g ̅  (,⊘) ̅_g ̅  } is very specific and important for development of g ̅-Calculus. 
Furthermore, developing the theory of action of these special functions (g ̅,f_g ̅ ,t_g ̅ ,N_g ̅ ) by generalizations and 
modifications, we arrive at some connections of Generated Pseudo-Analysis with other fields such as Information Theory, 
Geometry, Trigonometry, Elementary Algebra and other areas of pure mathematics connected with combinatorial problems. In 
these fields, the paper addresses several composition of some real continuous parameterized functions with other special 
functions, above all showing the interesting forms of their generalization and transformation created by modification through g ̅-
Transform. Some important formula and classical problems are generalized and transformed, leading us to new connections 
between different problems and fields. 
 

Keywords: Pseudo-Analysis, pseudo-operations, transform, g ̅-Function,  g ̅-Negation 
 
 

 Introduction  
 
Pseudo-Analysis, as a generalization of the Classical Analysis has very important results in its two branches, Generated 
and Idempotent Pseudo-Analysis where the role of the consistent system of pseudo-arithmetic operations (generated by 
the generator 𝑔 or idempotent) has brought interestings developments in the Theory of Pseudo-Additive Measures and 
Integrals [5], [22].  The concept of pseudo-arithmetical operations ሼ⊕,⊙,⊖,⊘ሽ as a sistem generated by the generator 
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𝑔 first was introduced on [0,+∞] interval and then to the whole extended real line 𝑅ത = [−∞, +∞] [2], [3], [4], [7], [8], 
[11], [13], [15], [17] and the generator 𝑔̅ is extended in 𝑅ത.  The generator 𝑔  of the binary operation ⊕, was extended 

into the odd function 𝑔̅  such that: 𝑔̅(𝑥) = ൜ 𝑔(𝑥),             for 𝑥 ∈ [0, ∞]−𝑔(−𝑥),   for  𝑥 ∈ [−∞, 0), or briefly  𝑔̅(𝑥) = 𝑠𝑔𝑛 𝑥 ∙ 𝑔(|𝑥|),  𝑥 ∈[−∞, ∞] [11], [21], [27].  
The role of the pseudo-arithmetic operations ൛⊕തതത,⊙തതത,⊖തതത,⊘തതതൟ = ൛⊕തതത௚ത,⊙തതത௚ത,⊖തതത௚ത,⊘തതതത௚തൟ is shown directly by taking the 

Ryb𝑎́rik [4] rational functions and Pap [6], but 𝑔̅ − 𝑇𝑟𝑎𝑛𝑠𝑓𝑜𝑟𝑚 is a further development of 𝑔 − 𝐶𝑎𝑙𝑐𝑢𝑙𝑢𝑠. Pseudo-
arithmetical operations are useful tools in treating [2] of nonlinear problems and some elementary 𝑔̅ − 𝑓𝑢𝑛𝑐𝑡𝑖𝑜𝑛𝑠 are 
derived as solutions of some functional equations using results of Acz𝑒́l [1]. So, the binary operation ⊕തതത defined on the 
interval  [−∞, ∞] by: 𝑥 ⊕തതത 𝑦 = 𝑥 ⊕തതത௚ത 𝑦 = 𝑔̅ ିଵ[𝑔̅(𝑥) +  𝑔̅(𝑦)] is also commutative, associative and continuous. The 
extended forms of  𝑔̅ − 𝑐𝑎𝑙𝑐𝑢𝑙𝑢𝑠 [3], [4], [6], [7], [14], [17], [19], [21]: 𝑥 ⊕തതത௚ത 𝑦 = 𝑔̅ ିଵ(𝑔̅(𝓍) + 𝑔̅(𝑦));  𝑥 ⊙തതത௚ത  𝑦 = 𝑔̅ ିଵ(𝑔(𝓍) ⋅ 𝑔̅(𝑦)); 𝑥 ⊖തതത௚ത 𝑦 = 𝑔̅ ିଵ(𝑔̅(𝓍) − 𝑔̅(𝑦)); 𝑥 ⊘തതത௚ത 𝑦 = 𝑔̅ ିଵ(𝑔̅(𝓍)/𝑔̅(𝑦)). 

The presentation of 𝑔̅ − 𝑓𝑢𝑛𝑐𝑡𝑖𝑜𝑛  (𝑓௚ത)  corresponding to the function 𝑓  as modified functions by 𝑔̅ −𝑡𝑟𝑎𝑛𝑠𝑓𝑜𝑟𝑚, lead the 𝒈ഥ − 𝑐𝑎𝑙𝑐𝑢𝑙𝑢𝑠 to express to another form by using 𝑔̅ − 𝑇𝑟𝑎𝑛𝑠𝑓𝑜𝑟𝑚 for 𝒕 ∘ 𝑓 [10]. For further 
investigation, we use the generator (normed generator) on [−∞, +∞]. 
 

 Materials and Methods  
 
The study method consists in the systematization of the theoretical material, the bringing of some important concepts, 
functions, combination of them and knowledge from Pseudo-Analysis, specifically Generated Pseudo-Analysis and 
finding connections with other fields. This connection has been highlighted by us as a result of finding some quite 
interesting applications of the pseudo-analysis apparatus in other fields, like Pseudo-Linear Algebra, Information Theory, 
Geometry, Trigonometry, Elementary Algebra and other areas of pure mathematics connected with combinatorial 
problems. All implementations are listed according to the fields of application and important relationships are identified in 
detail for each case and according to the nature of the  𝑔̅ − 𝑔𝑒𝑛𝑒𝑟𝑎𝑡𝑜𝑟.  
 
2.1 First off all let us introduce some definitions  
 
Let 𝑓 be a function on ]𝑎, 𝑏[ ⊆ ]−∞, +∞[ and the function 𝑔̅ be a generator of the consistent system of pseudo-
arithmetical operations ሼ⊕തതത௚ത,⊙തതത௚ത,⊖തതത௚ത,⊘തതതത௚തሽ.  

The function 𝑓௚ത  given by 𝑓௚ത(𝑥) = 𝑔̅ ିଵ ቀ𝑓൫𝑔̅(𝑥)൯ቁ  for every 𝑥 ∈ ቀ𝑔̅ ିଵ(𝑎), 𝑔̅ ିଵ(𝑏)ቁ  is said to be 𝒈ഥ −𝒇𝒖𝒏𝒄𝒕𝒊𝒐𝒏 corresponding to the function 𝑓. 
Let 𝑓  be a function on ]𝑎, 𝑏[ ⊆ ]−∞, +∞[  and the function 𝑔̅  be a generator of the consistent system of 

pseudo-arithmetical operations ሼ⊕തതത௚ത,⊙തതത௚ത,⊖തതത௚ത,⊘തതതത௚തሽ. The function 𝑓௚ത  given by  𝑓௚ത(𝑥, 𝑦) = 𝑔̅ ିଵ ቀ𝑓൫𝑔̅(𝑥), 𝑔̅(𝑦)൯ቁ for 

every 𝑥,  𝑦 ∈ ቀ𝑔̅ ିଵ(𝑎), 𝑔̅ ିଵ(𝑏)ቁ is said to be  𝒈ഥ − 𝒇𝒖𝒏𝒄𝒕𝒊𝒐𝒏 corresponding to the function 𝑓.  

In this paper are treated the real functions which are continuous from 𝑅 to 𝑅, or functions from 𝑅 to  𝑅 x 𝑅. 
Let 𝑓 and 𝑘 be two continuous functions 𝑓: 𝑅 → 𝑅, 𝑘: 𝑅 x 𝑅 → 𝑅 and let 𝑔̅ − 𝑔𝑒𝑛𝑒𝑟𝑎𝑡𝑜𝑟 be extended on 𝑅 

(perhaps with some undefined values).  The 𝑔̅ − 𝒄𝒐𝒎𝒑𝒐𝒔𝒊𝒕𝒆 𝑓𝑢𝑛𝑐𝑡𝑖𝑜𝑛  ℎ௚ത  from 𝑅  to  𝑅 x 𝑅 , for  ℎ(𝑥, 𝑦) =(𝑓 ∘ 𝑘)(𝑥, 𝑦) is a function satisfying: ℎ௚ത(𝑥, 𝑦) = ൫(𝑓 ∘ 𝑘)(𝑥, 𝑦)൯௚ത = ൫𝑓௚ത ∘ 𝑘௚ത൯(𝑥, 𝑦). The composition of functions 

is not commutative, but associative.  
The parameterized nonlinear continuous functions t, 𝒕: 𝑅 x 𝑅 → 𝑅, 𝑎ଵ, 𝑎ଶ, 𝑎ଷ, 𝑎ସ ∈ 𝑅 are defined in the form 

bellow: 𝒕(ା,⋅)(௔భ,௔మ,௔య,௔ర)(𝑥, 𝑦) = 𝑎ଵ ⋅ 𝑥 ∙ 𝑦 + 𝑎ଶ ⋅ 𝑥 + 𝑎ଷ ⋅ 𝑦 + 𝑎ସ. 
By the definition for the composition of the two our functions 𝒕 and 𝑓 we get [10]: ℎ(𝑥, 𝑦) = (𝒕 ∘ 𝑓)(𝑥, 𝑦) = 𝒕(𝑓(𝑥), 𝑓(𝑦)) = 𝒕(ା,⋅)(௔భ,௔మ,௔య,௔ర)(𝑓(𝑥), 𝑓(𝑦)).   
Also, by the definition of the function 𝒕 we have the form: 𝑡(ା,⋅)(௔భ,௔మ,௔య,௔ర)(𝑓(𝑥), 𝑓(𝑦)) = 𝑎ଵ ⋅ 𝑓(𝑥) ∙ 𝑓(𝑦) + 𝑎ଶ ⋅ 𝑓(𝑥) + 𝑎ଷ ⋅ 𝑓(𝑦) + 𝑎ସ. 



Interdisciplinary Journal of Research and Development 
ISSN 2410-3411 (online) / ISSN 2313-058X (print) Vol 10  No 2  / July 2023 

    

 

 37 

When 𝑔̅ − 𝑡𝑟𝑎𝑛𝑠𝑓𝑜𝑟𝑚 is applied for ℎ = 𝒕 ∘ 𝑓,  the definition of  𝑔̅ − 𝑓𝑢𝑛𝑐𝑡𝑖𝑜𝑛 brings us the equation of ℎ௚ത 
as: 𝒉𝒈ഥ(𝑥, 𝑦) = ቀ𝒕(ା,⋅)(௔భ,௔మ,௔య,௔ర)(𝑓(𝑥), 𝑓(𝑦))ቁ௚ത =  = 𝑡௚ത൫⊕തതത೒ഥ ,⊙തതതത೒ഥ ൯ቀ௚ത షభ(௔భ),  ௚ത షభ(௔మ),௚ത షభ(௔య),௚ത షభ(௔ర)ቁ൫𝑓௚ത(𝑥), 𝑓௚ത(𝑦)൯.  

For the special cases when  𝑓(𝑥) = 𝑔̅(𝑥); 𝑓(𝑦) = 𝑔̅(𝑦), we have: 𝑔̅ ିଵ൫𝑔̅(𝑥)൯ = 𝑔̅௚ത(𝑥) = 𝑥௚ത = 𝑥, and 𝑔̅ ିଵ൫𝑔̅(𝑦)൯ = 𝑔̅௚ത(𝑦) = 𝑦௚ത = 𝑦. 
So, 𝒕௚ത can be written: 𝒕(ା,⋅)(௔భ,௔మ,௔య,௔ర)(𝑔̅(𝑥), 𝑔̅(𝑦)) = 𝑎ଵ ⋅ 𝑔̅(𝑥) ∙ 𝑔̅(𝑦) + 𝑎ଶ ⋅ 𝑔̅(𝑥) + 𝑎ଷ ⋅ 𝑔̅(𝑦) + 𝑎ସ   𝒕𝒈ഥ൫⊕തതത೒ഥ ,⊙തതതത೒ഥ൯ቀ௚ത షభ(௔భ),௚ షభ(௔మ),௚ത షభ(௔య),௚ത షభ(௔ర)ቁ(𝑥, 𝑦) =           =൫𝑔̅ ିଵ(𝑎ଵ) ⊙തതത௚ത 𝑥 ⊙തതത௚ത 𝑦൯ ⊕തതത௚ത ൫𝑔̅ ିଵ(𝑎ଶ) ⊙തതത௚ത 𝑥൯ ⊕തതത௚ത ൫𝑔̅ ିଵ(𝑎ଷ) ⊙തതത௚ത 𝑦൯ ⊕തതത௚ത ቀ 𝑔̅ ିଵ(𝑎ସ)ቁ. 

For 𝒈ഥ − 𝑛𝑜𝑟𝑚𝑒𝑑, the form of 𝒕 and 𝒕௚ത is: 𝒕(ା,⋅)(ଵ,ଵ,ଵ,ଵ,ଵ)(𝑥, 𝑦, 𝑧) = 𝑥 ∙ 𝑦 ∙ 𝑧 + 𝑥 + 𝑦 + 𝑧 + 1  𝒕௚ത൫⊕തതത೒ഥ,⊙തതതത೒ഥ൯(ଵ,ଵ,ଵ,ଵ,ଵ)(𝑥, 𝑦) = ൫𝑥 ⊙തതത௚ത 𝑦 ⊙തതത௚ത 𝑧൯ ⊕തതത௚ത (𝑥) ⊕തതത௚ത (𝑦) ⊕തതത௚ത  (𝑧) ⊕തതത௚ത  (1). 
 

 
 
Figure 1.2. Same parameterized nonlinear continuous functions t 
 
2.1.1 Conection of  𝒈ഥ − 𝒄𝒂𝒍𝒄𝒖𝒍𝒖𝒔 and Parameterized Nonlinear Functions 
 
Based on the extended forms of 𝒈ഥ − 𝑐𝑎𝑙𝑐𝑢𝑙𝑢𝑠 and the definition of the Parameterized Nonlinear Functions can be 
presented the relations between them. For the most important cases of identity, i.e., when 𝑓(𝑥) = 𝑔̅(𝑥) = 𝒙, 𝑓(𝑦) =𝑔̅(𝑦) = 𝒚, we take the functional equation 𝒕൫𝑓(𝑥), 𝑓(𝑦)൯ = 𝒕(𝑥, 𝑦) [10] and easily, can verify that 𝒈ഥ − 𝑐𝑎𝑙𝑐𝑢𝑙𝑢𝑠 by 
using 𝑔̅ − 𝑇𝑟𝑎𝑛𝑠𝑓𝑜𝑟𝑚 for 𝒕 ∘ 𝑓, lead to the follow forms: 𝑡௚ത൫⊕തതത೒ഥ ,⊙തതതത೒ഥ ൯(଴,ଵ,ଵ,଴)(𝑥, 𝑦) = 𝑔̅ ିଵ ቀ𝒕(ା,⋅)(଴,ଵ,ଵ,଴)൫𝑔̅(𝑥), 𝑔̅(𝑦)൯ቁ =𝑡௚ത൫⊕തതത೒ഥ ,⊙തതതത೒ഥ ൯(଴,ଵ,଴,଴)(𝑥, 𝑦) ⊕തതത௚ത 𝑡௚ത൫⊕തതത೒ഥ ,⊙തതതത೒ഥ൯(଴,଴,ଵ,଴)(𝑥, 𝑦); 𝑡௚ത൫⊕തതത೒ഥ ,⊙തതതത೒ഥ ൯(ଵ,଴,଴,଴)(𝑥, 𝑦) = 𝑔̅ ିଵ ቀ𝒕(ା,⋅)(ଵ,଴,଴,଴)൫𝑔̅(𝑥), 𝑔̅(𝑦)൯ቁ =𝑡௚ത൫⊕തതത೒ഥ ,⊙തതതത೒ഥ ൯(଴,ଵ,଴,଴)(𝑥, 𝑦) ⊙തതത௚ത  𝑡௚ത൫⊕തതത೒ഥ ,⊙തതതത೒ഥ൯(଴,଴,ଵ,଴)(𝑥, 𝑦); 𝑡௚ത൫⊕തതത೒ഥ ,⊙തതതത೒ഥ ൯(଴,ଵ,ିଵ,଴)(𝑥, 𝑦) = 𝑔̅ ିଵ ቀ𝒕(ା,⋅)(଴,ଵ,ଵ,଴)൫𝑔̅(𝑥), 𝑔̅(𝑦)൯ቁ =𝑡௚൫⊕തതത೒ഥ ,⊙തതതത೒ഥ ൯(଴,ଵ,଴,଴)(𝑥, 𝑦) ⊖തതത௚ത 𝑡௚ത൫⊕തതത೒ഥ ,⊙തതതത೒ഥ൯(଴,଴,ଵ,଴)(𝑥, 𝑦); 



Interdisciplinary Journal of Research and Development 
ISSN 2410-3411 (online) / ISSN 2313-058X (print) Vol 10  No 2  / July 2023 

    

 

 38 

𝑡௚ത൫⊕തതത೒ഥ ,⊙തതതത೒ഥ ൯(଴,ଵ,ଵ,଴)(𝑥, 1/𝑦) = 𝑔̅ ିଵ ቀ𝒕(ା,⋅)(଴,ଵ,ଵ,଴)൫𝑔̅(𝑥), 1/𝑔̅(𝑦)൯ቁ = 𝑡௚ത൫⊕തതത೒ഥ ,⊙തതതത೒ഥ ൯(଴,ଵ,଴,଴)(𝑥, 1/𝑦) ⊘തതത௚ത 𝑡௚ത൫⊕തതത೒ഥ ,⊙തതതത೒ഥ൯(଴,଴,ଵ,଴)(𝑥, 1/𝑦). 
 
2.2 Some Connections of Pseudo-Analysis with other Fields by Application of Generalizations and Modifications from 𝑔̅ − 𝑇𝑟𝑎𝑛𝑠𝑓𝑜𝑟𝑚  
 
2.2.1 Application in Pseudo-Linear Algebra. The 𝑔̅ − 𝑇𝑟𝑎𝑛𝑠𝑓𝑜𝑟𝑚 of the Linear Sistems 
 
Definition 2.2.1.1. [27] A function 𝑔̅ is a generator on [−∞, +∞] if and only if it is odd and strictly increasing bijection 
on interval (−∞, +∞). 

Remark 2.2.1.2. [27] If 𝑔̅, 𝑞ത are generators, then 𝑔̅ିଵ and 𝑔̅ ◦ 𝑞തିଵ are also generators.  
Definition 2.2.1.3. [21], [27] Let 𝐴 = ൣ𝑎௜,௝൧, 𝑖 = 1, 2 … 𝑛, 𝑗 = 1, 2 … 𝑚 be a given matrix and 𝑔̅ a generator on [−∞, +∞] . Denote by 𝑔̅(𝐴)  the matrix 𝑔̅(𝐴) = ൣ 𝑔̅൫𝑎௜,௝൯൧,  𝑖 = 1, 2 … 𝑛, 𝑗 = 1, 2 … 𝑚 . A generator 𝑔̅   is rank-

preserving operator if and only if 𝑟(𝐴) = 𝑟൫𝑔̅(𝐴)൯ for every matrix 𝐴. Two generators 𝑔̅ and 𝑞ത are rank-equivalence 
operators if and only if 𝑟൫𝑔̅(𝐴)൯ = 𝑟൫𝑞ത(𝐴)൯ for every matrix 𝐴.  

Remark 2.2.1.4. [27] If 𝑔̅, 𝑞ത are two rank-preserving operators, then 𝑔̅ିଵ and 𝑔̅ ◦ 𝑞ത are rank-preserving operators. 
Theorem 2.2.1.5. [27] The generators 𝑔̅ and 𝑞ത are rank-equivalence operators on [−∞, +∞] if and only if there 

exists a positive constant c so that 𝑔̅  =  𝑐 ∙ 𝑞ത. 
If 𝑞ത is the identity function, then from Theorem 3.1 we directly get the theorem. 
Theorem 2.2.1.6.. [27] The generator 𝑔̅ is rank-preserving operator on the interval [−∞, +∞] if and only if 𝑔̅ is a 

linear function given by 𝑔̅(𝑥)  =  𝑐 ·  𝑥 with a positive constant c.  
In this case when 𝑞ത  is the identity function, we have the form of rank-preserving operator as the generator:  𝑔̅(𝑥) = 𝑔̅௔,௥(𝑥) = 𝑔̅௖,ଵ(𝑥) =  𝑐 ·  𝑥  (𝑖. 𝑒. , 𝑐𝑜𝑛𝑠𝑡𝑎𝑛𝑡 𝑎 = 𝑐 𝑎𝑛𝑑 𝑟 = 1). 𝒈ഥ(𝒙) = 𝒇𝒂,𝒍𝒊𝒏(𝒙) = 𝒇 ቀ𝒕(ା,⋅)(𝟎,𝟏,𝟎,𝟎)(𝒙, 𝒚)ቁ = 𝒂 ∙ 𝒙 (classes I, IV [9]). 

Teoremë 2.2.1.7. [21] Let 𝑔̅, 𝑞ത be generators. These generations are in relation 𝑔̅  =  𝑐 ∙ 𝑞ത then and only then the 𝑔̅ − 𝑇𝑟𝑎𝑛𝑠𝑓𝑜𝑟𝑚 of the linear sistems 𝐴 ∙ 𝑋 =  𝐵 and 𝐴 ∙ 𝑌 =  𝐵, respectively pseudo-linear sistem 𝐴 ⊙തതത௚ത 𝑋 =  𝐵 
and 𝐴 ⊙തതത௤ത 𝑌 =  𝐵,  are equivalent, i.e., the knowledge of 𝑋 implies the knowledge of  𝑌 and vice versa, and 𝑔̅(𝑋)  = 𝑞ത(𝑌). 

Proof. The 𝑔̅ − 𝑇𝑟𝑎𝑛𝑠𝑓𝑜𝑟𝑚 of the linear sistem 𝐴 ∙ 𝑋 =  𝐵 is the pseudo-linear sistem, presented in the form 
of a 𝑔̅ − 𝑙𝑖𝑛𝑒𝑎𝑟 𝑠𝑦𝑠𝑡𝑒𝑚 as below: 𝐴 ⊙തതത௚ത 𝑋 =  𝐵 ⟺ 𝑔̅ିଵ൫𝑔̅(𝐴) ∙ 𝑔̅(𝑋)൯ = 𝑔̅ିଵ൫𝑔̅(𝐵)൯ ⟺ 𝑔̅(𝐴) ∙ 𝑔̅(𝑋) = 𝑔̅(𝐵) ⟺  ⟺ 𝑔̅(𝐴) ∙ 𝑔̅(𝑋)ถ௓భ = 𝑔̅(𝐵) ⟺ 𝑔̅(𝐴) ∙ 𝑍ଵ = 𝑔̅(𝐵).  

The 𝑞ത − 𝑇𝑟𝑎𝑛𝑠𝑓𝑜𝑟𝑚 of the linear sistem 𝐴 ∙ 𝑌 =  𝐵 is the pseudo-linear sistem presented in the form of the 𝑞ത − 𝑙𝑖𝑛𝑒𝑎𝑟 𝑠𝑦𝑠𝑡𝑒𝑚 : 𝐴 ⊙തതത௤ത 𝑌 =  𝐵 ⟺ 𝑞തିଵ൫𝑞ത(𝐴) ∙ 𝑞ത(𝑌)൯ = 𝑞തିଵ൫𝑞ത(𝐵)൯ ⟺ 𝑞ത(𝐴) ∙ 𝑞ത(𝑌) = 𝑞ത(𝐵) ⟺ 𝑞ത(𝐴) ∙𝑞ത(𝑌)ถ௓మ = 𝑞ത(𝐵) ⟺ 𝑞ത(𝐴) ∙ 𝑍ଶ = 𝑞ത(𝐵).  
From the equivalence of the pseudo-linear system 𝐴 ⊙തതത௚ത 𝑋 =  𝐵 , we reach the relation below: 𝐴 ⊙തതത௚ത 𝑋 = 𝐵 ⟺ 𝑔̅(𝐴) ∙ 𝑍ଵ = 𝑔̅(𝐵) ⟺ 𝑐 ∙ 𝑞ത(𝐴) ∙ 𝑍ଵ = 𝑐 ∙ 𝑞ത(𝐵) ⟺ 𝑞ത(𝐴) ∙ 𝑍ଵ = 𝑞ത(𝐵) where 𝑍ଵ = 𝑔̅(𝑋).  
The both linear systems are equivalent and if they are solvable, we get 𝑍ଵ = 𝑔̅(𝑋) = 𝑞ത(𝑌) = 𝑍ଶ. For more 

details, we are expressing this equivalence obtained above in an explicit way continuing transformations: 

 𝐴 ⊙തതത௚ത 𝑋 =  𝐵 ⟺ 𝑞ത(𝐴) ∙ 𝑍ଵ = 𝑞ത(𝐵) ⟺ 𝑞തିଵ ቀ𝑞ത(𝐴) ∙ 𝑞ത൫𝑞തିଵ(𝑍ଵ)൯ቁ = 𝑞തିଵ൫𝑞ത(𝐵)൯ ⟺  𝐴 ⊙തതത௤ത 𝑞തିଵ(𝑍ଵ) =𝐵 ⟺ 𝐴 ⊙തതത௤ത 𝑞തିଵ൫𝑔̅(𝑋)൯ = 𝐵 ⟺ 𝐴 ⊙തതത௤ത 𝑌 = 𝐵 where 𝑌 = 𝑞തିଵ൫𝑔̅(𝑋)൯. 
Remark. 2.2.1.8. Since from the conditions of the theorem we have 𝑔̅  =  𝑐 ∙ 𝑞ത, 𝑐 >  0 and 𝑔̅(𝑋) = 𝑞ത(𝑌), then 𝑌 = 𝑞തିଵ൫𝑔̅(𝑋)൯ = 𝑔̅ିଵ(𝑐 ∙ 𝑔̅(𝑋)) = 𝑔̅ିଵ(𝑔̅(𝑔̅ିଵ(𝑐) ∙ 𝑔̅(𝑋))) = 𝑔̅ିଵ(𝑐)  ⊙തതത௚ത 𝑋. 
Further, for the pseudo-multiplication ⊙തതത௤ത , we can get the unity 𝑒௤ത  by nga 𝑒௤ത = 𝑞തିଵ(1) = 𝑔̅ିଵ൫𝑐 ∙ 𝑔̅(1)൯ =𝑔̅ିଵ(𝑐)  ⊙തതത௚ത 𝑔̅(1).  If 𝑔̅  is normed generator ( 𝑔̅(1) = 1) , then the unity is in the form 𝑒௤ത = 𝑔̅ିଵ(𝑐) ⊙തതത௚ത 1  and 
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consequently we can obtain the pseudo-linear system 𝑌 = 𝑋 ⊙തതത௚ത 𝑒௤ത = 𝑒௤ത ⊙തതത௚ത  𝑋.  
 
2.2.2 Application in  Probability Theory, Combinatorics and Algebra 
 
Application 2.2.2.1. The 𝑔̅ − 𝑇𝑟𝑎𝑛𝑠𝑓𝑜𝑟𝑚 of Negation N 

The 𝑔̅ − 𝑁𝑒𝑔𝑎𝑡𝑖𝑜𝑛 of the negation N [10], [28],   𝑁(𝑥) = 1 − 𝑥 as a 𝑔̅ − 𝑇𝑟𝑎𝑛𝑠𝑓𝑜𝑟𝑚 (when 𝑔̅ in general is 
continuous monotone strictly increasing unbounded odd function) is in form: 𝑁௚ത(𝑥) = 𝑔̅ ିଵ(𝑁(𝑔̅(𝑥))) = 𝑔̅ ିଵ൫1 − 𝑔̅(𝑥)൯ = 𝑔̅ ିଵ ቀ𝑔̅൫𝑔̅ ିଵ(1)൯ − 𝑔̅(𝑥)ቁ = 𝑔̅ ିଵ(1) ⊖തതത௚ത 𝑥. 

In summary, for each case of 𝑔̅ and especially when it is normalized (𝑔̅(1) = 1),we present the form of  𝑁௚ത : 𝑵𝒈ഥ(𝑥) = ቊ𝑔̅ ିଵ(1) ⊖തതത௚ത 𝑥     𝑓𝑜𝑟 𝑔̅ − 𝑤ℎ𝑎𝑡𝑒𝑣𝑒𝑟, 𝑟𝑎𝑛𝑑𝑜𝑚 1 ⊖തതത௚ത 𝑥            𝑓𝑜𝑟    𝑔̅ − 𝑛𝑜𝑟𝑚𝑒𝑑   

𝑵𝒈ഥ(𝑥) = ቊ𝑔̅ ିଵ(1) ⊖തതത௚ത 𝑡(ା,⋅)(଴,ଵ,଴,଴)(𝑥, 𝑦)   𝑓𝑜𝑟 𝑔̅ − 𝑤ℎ𝑎𝑡𝑒𝑣𝑒𝑟, 𝑟𝑎𝑛𝑑𝑜𝑚 1 ⊖തതത௚ത 𝑡(ା,⋅)(଴,ଵ,଴,଴)(𝑥, 𝑦)            𝑓𝑜𝑟    𝑔̅ − 𝑛𝑜𝑟𝑚𝑒𝑑   

𝑵𝒈ഥ(𝑥) = 𝒇𝒈ഥ(𝑥) = ൞𝑔̅ ିଵ(1) ⊖തതത௚ത 𝑡௚ቀ൫⨁ഥ ೒ഥ,⊙തതത೒ഥ ൯ቁ(଴,ଵ,଴,଴)(𝑥, 𝑦)   𝑓𝑜𝑟 𝑔̅ − 𝑤ℎ𝑎𝑡𝑒𝑣𝑒𝑟, 𝑟𝑎𝑛𝑑𝑜𝑚 1 ⊖തതത௚ത 𝑡𝒈ഥቀ൫⨁ഥ ೒ഥ,⊙തതത೒ഥ ൯ቁ(଴,ଵ,଴,଴)(𝑥, 𝑦)            𝑓𝑜𝑟    𝑔̅ − 𝑛𝑜𝑟𝑚𝑒𝑑   

Application 2.2.2.2. The 𝑔̅ = 𝑔̅௔,௥ − 𝑇𝑟𝑎𝑛𝑠𝑓𝑜𝑟𝑚 of  Δ − 𝑃𝑎𝑠𝑐𝑎𝑙’𝑠 𝑇𝑟𝑖𝑎𝑛𝑔𝑙𝑒  
In mathematics Pascal's triangle is a triangular array of the binomial coefficients that arises in Probability Theory, 

Combinatorics and Algebra. Here, we have taken into consideration the generalization of the Δ −𝑃𝑎𝑠𝑐𝑎𝑙’𝑠 𝑇𝑟𝑖𝑎𝑛𝑔𝑙𝑒 formula using a generator 𝑔̅௔,௥ .  For more, by the 𝑔̅ = 𝑔̅௔,ଵ = 𝑔̅ଵ,ଵ − 𝑇𝑟𝑎𝑛𝑠𝑓𝑜𝑟𝑚  we take  Δ௚തೌ,భ = Δ௚തభ,భ =  Δ − 𝑃𝑎𝑠𝑐𝑎𝑙’𝑠 𝑇𝑟𝑖𝑎𝑛𝑔𝑙𝑒 formula (𝑔̅௔,௥ − 𝑛𝑜𝑟𝑚𝑒𝑑), as the classical one. 
 
Table 3. The form of Δ − Pascal’s Triangle  as Δ୥ത౗,౨ − Pascal’s Triangle  by gത = gതୟ,୰ − Transform 
 Δ௚തೌ,ೝ −Pascal’s Triangle 

 
൫0 ⊕തതത௚തೌ,ೝ 1൯൫0 ⊕തതത௚തೌ,ೝ 1൯ ൫1 ⊕തതത௚തೌ,ೝ 1൯ ൫1 ⊕തതത௚തೌ,ೝ 0൯൫0 ⊕തതത௚തೌ,ೝ 1൯ ൫1 ⊕തതത௚തೌ,ೝ 2൯ ൫2 ⊕തതത௚തೌ,ೝ 1൯ ൫1 ⊕തതത௚തೌ,ೝ 0൯൫0 ⊕തതത௚തೌ,ೝ 1൯ ൫1 ⊕തതത௚തೌ,ೝ 3൯ ൫3 ⊕തതത௚തೌ,ೝ 3൯ ൫3 ⊕തതത௚തೌ,ೝ 1൯ ൫1 ⊕തതത௚തೌ,ೝ 0൯൫0 ⊕തതത௚തೌ,ೝ 1൯ ൫1 ⊕തതത௚തೌ,ೝ 4൯ ൫4 ⊕തതത௚തೌ,ೝ 6൯ ൫6 ⊕തതത௚തೌ,ೝ 4൯ ൫4 ⊕തതത௚തೌ,ೝ 1൯ ൫1 ⊕തതത௚തೌ,ೝ 0൯…

 

Δ௚തೌ,ೝ −Pascal’s  Triangle 
(𝑔̅௔,௥ − 𝑛𝑜𝑟𝑚𝑒𝑑) 𝑔̅௔,௥ ିଵ(𝑎) = 1 
We are marking this number like this (1 = 1௥) for a regularity of the 
presentation of the formula. 
 

ቀ𝑔̅௔,௥ ିଵ(𝑎)ቁቀ𝑔̅௔,௥ ିଵ(𝑎)ቁ ൫1 ⊕തതത௚തೌ,ೝ 1൯ ቀ𝑔̅௔,௥ ିଵ(𝑎)ቁቀ𝑔̅௔,௥ ିଵ(𝑎)ቁ ൫1 ⊕തതത௚തೌ,ೝ 2൯ ൫2 ⊕തതത௚തೌ,ೝ 1൯ ቀ𝑔̅௔,௥ ିଵ(𝑎)ቁቀ𝑔̅௔,௥ ିଵ(𝑎)ቁ ൫1 ⊕തതത௚തೌ,ೝ 3൯ ൫3 ⊕തതത௚തೌ,ೝ 3൯ ൫3 ⊕തതത௚തೌ,ೝ 1൯ ቀ𝑔̅௔,௥ ିଵ(𝑎)ቁቀ𝑔̅௔,௥ ିଵ(𝑎)ቁ ൫1 ⊕തതത௚തೌ,ೝ 4൯ ൫4 ⊕തതത௚തೌ,ೝ 6൯ ൫6 ⊕തതത௚തೌ,ೝ 4൯ ൫4 ⊕തതത௚തೌ,ೝ 1൯ ቀ𝑔̅௔,௥ ିଵ(𝑎)ቁ…
 

 (1)(1) ൫1 ⊕തതത௚തೌ,ೝ 1൯ (1)(1) ൫1 ⊕തതത௚തೌ,ೝ 2൯ ൫2 ⊕തതത௚തೌ,ೝ 1൯ (1)(1) ൫1 ⊕തതത௚തೌ,ೝ 3൯ ൫3 ⊕തതത௚തೌ,ೝ 3൯ ൫3 ⊕തതത௚തೌ,ೝ 1൯ (1)(1) ൫1 ⊕തതത௚തೌ,ೝ 4൯ ൫4 ⊕തതത௚തೌ,ೝ 6൯ ൫6 ⊕തതത௚തೌ,ೝ 4൯ ൫4 ⊕തതത௚തೌ,ೝ 1൯ (1)…
 

(1)(1) ൬(1௥ + 1௥)𝟏𝒓൰ (1)(1) ൬(1௥ + 2௥)𝟏𝒓൰ ൬(2௥ + 1௥)𝟏𝒓൰ (1)(1) ൬(1௥ + 3௥)𝟏𝒓൰ ൬(3௥ + 3௥)𝟏𝒓൰ ൬(3௥ + 1௥)𝟏𝒓൰ (1)(1) ൬(1௥ + 4௥)𝟏𝒓൰ ൬(4௥ + 6௥)𝟏𝒓൰ ൬(6௥ + 4௥)𝟏𝒓൰ ൬(4௥ + 1௥)𝟏𝒓൰ (1)…
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Δ௚തೌ,భ = Δ௚തభ,భ = 
 
       = Δ − Pascal’s  
                  Triangle 
(𝑔̅௔,௥ − 𝑛𝑜𝑟𝑚𝑒𝑑) 
 

(1)(1) (2) (1)(1) (3) (3) (1)(1) (4) (6) (4) (1)(1) (5) (10) (10) (5) (1)…
 

 
Newton’s Binomial Formula (𝑥 + 𝑦)௡ = ∑ 𝐶௡௜ ∙ 𝑥௜ ∙ 𝑦௡ି௜௡௜ୀଵ  by 𝒈ഥ − 𝑇𝑟𝑎𝑛𝑠𝑓𝑜𝑟𝑚 is expressed in the form bellow 
[10]: ((1 + 𝑦)௡)௚ത = 𝑓௚ି௡,௣௢௪௘௥ ቆ𝒕௚ത൫⊕തതത೒ഥ ,⊙തതതത೒ഥ൯(଴,଴,ଵ,ଵ)(𝑥, 𝑦)ቇ = ൬ቀ𝒕௚ത൫⊕തതത೒ഥ,⊙തതതത೒ഥ൯(଴,଴,ଵ,ଵ)(𝑥, 𝑦)ቁ௡൰௚ത . 

 
2.2.2.1 The 𝑔̅ − 𝐸ntropy and relation with 𝑁௚ത 
 
In Information Theory, through examples using the meaning of entropy as a logarithmic measure of the rate of information 
transfer in a given language or message, we present the relation between the meaning of 𝑔̅ − 𝑒𝑛𝑡𝑟𝑜𝑝𝑦  ቀ𝐻௚തି௔,௠,ே೒ഥష೘൫⨁ഥ ೒ഥ ,⊙തതത೒ഥ ൯ ቁ  with the meaning of entropy ቀ𝐻௔,  ௣,ଵି௣ (ା,   ∙ ) ቁ   [9], [13], [25], [26] realized through the 𝑔̅௔,௥ −𝑙𝑜𝑔𝑎𝑟𝑖𝑡ℎ𝑚𝑖𝑐 𝑓𝑢𝑛𝑐𝑡𝑖𝑜𝑛, i.e. a 𝑔̅ − 𝑇𝑟𝑎𝑛𝑠𝑓𝑜𝑟𝑚𝑎𝑡𝑖𝑜𝑛 [4], [8], [13], [23], [24]  and 𝑔̅ − 𝑁𝑒𝑔𝑎𝑡𝑖𝑜𝑛 ൫𝑁௚തି௠൯ [10], 
[15], [16], [18]. 
 𝐻௚തି௔,௠,ே೒ഥష೘൫⨁ഥ ೒ഥ,⊙തതത೒ഥ ൯ (𝐵) = 𝑔̅ ିଵ ൬𝐻௔,  ௣,ଵି௣ (ା,   ∙ ) (𝐵)൰ = −ℎ௚ത൫𝑚(𝐵ଵ)൯ − ℎ௚ത൫1 ⊖ 𝑚(𝐵ଶ)൯ =  = −𝑔̅ ିଵ ቀ൫𝑝(𝐵ଵ)൯ ∙ 𝑓൫𝑝(𝐵ଵ)൯ቁ − 𝑔̅ ିଵ ቀ൫1 − 𝑝(𝐵ଵ)൯ ∙ 𝑓൫1 − 𝑝(𝐵ଶ)൯ቁ =  = − ൬𝑔̅ ିଵ ቀ൫𝑝(𝐵ଵ)൯ ∙ 𝑓൫𝑝(𝐵ଵ)൯ቁ + 𝑔̅ ିଵ ቀ൫1 − 𝑝(𝐵ଵ)൯ ∙ 𝑓൫1 − 𝑝(𝐵ଶ)൯ቁ൰ =  = − ൭ቀ𝑚(𝐵ଵ) ⊙തതത௚ത 𝑓௚൫𝑚(𝐵ଵ)൯ቁ ⨁ഥ ௚ത ቆቀ𝑔̅ ିଵ(1) ⊖തതത௚ത 𝑚(𝐵ଶ)ቁ ⊙തതത௚ത ൬𝑓௚ത ቀ𝑔̅ ିଵ(1) ⊖തതത௚ത 𝑚(𝐵ଶ)ቁ൰ቇ൱ =  =− ൭ቀ𝑚(𝐵ଵ) ⊙തതത௚ത 𝑓௚തି௔,௟௢௚൫𝑚(𝐵ଵ)൯ቁ ⨁ഥഥ ௚ത ቆቀ𝑔̅ ିଵ(1) ⊖തതത௚ത 𝑚(𝐵ଶ)ቁ ⊙തതത௚ത ൬𝑓௚തି௔,௟௢௚ ቀ𝑔̅ ିଵ(1) ⊖തതത௚ത 𝑚(𝐵ଶ)ቁ൰ቇ൱. 

And,  if the generator is  𝑔̅ − 𝑛𝑜𝑟𝑚𝑒𝑑, we have the form: 𝐻௚തି௔,௠,ே೒ഥష೘൫⨁ഥ ೒ഥ,⊙തതത೒ഥ൯ (𝐵) = −ℎ௚ത൫𝑚(𝐵ଵ)൯−ℎ௚ത ቀ1 ⊖തതത௚ത 𝑚(𝐵ଶ)ቁ = −ℎ௚ത൫𝑚(𝐵ଵ)൯−ℎ௚ത ቀ𝑁௚തି௠(𝐵ଶ)ቁ = = − ൬ℎ௚ത൫𝑚(𝐵ଵ)൯⨁ഥ ௚തℎ௚ത ቀ1 ⊖തതത௚ത 𝑚(𝐵ଶ)ቁ൰ = − ൬ℎ௚ത൫𝑚(𝐵ଵ)൯⨁ഥ ௚തℎ௚ത ቀ𝑁௚തି௠(𝐵ଶ)ቁ൰. 

 
2.2.3 Some Generalization in Euclidean Geometry 
 
Generalizations and transformations by 𝑔̅ − 𝑚𝑜𝑑𝑖𝑓𝑖𝑐𝑎𝑡𝑖𝑜𝑛  have been made for important formulas in Euclidean 
Geometry (generalization of the Pythagorean Theorem as 𝑔̅ଵ,ଶ − 𝑃𝑦𝑡ℎ𝑎𝑔𝑜𝑟𝑒𝑎𝑛 𝑇ℎ𝑒𝑜𝑟𝑒𝑚, coordinates of a point, 
distance formula etc.).  

Based on the extended forms of  𝒈ഥ − 𝑐𝑎𝑙𝑐𝑢𝑙𝑢𝑠,  the special 𝑔̅ − 𝑔𝑒𝑛𝑒𝑟𝑎𝑡𝑜𝑟𝑠  and the definition of the 
Parameterized Nonlinear/ Pseudo-Nonlinear Functions and their 𝑔̅ − 𝑡𝑟𝑎𝑛𝑠𝑓𝑜𝑟𝑚𝑠  ൫𝒕, 𝒕𝒈ഥ  − 𝑓𝑢𝑛𝑐𝑡𝑖𝑜𝑛൯  [10], we 
present the relations between them by applying these modifications: 𝒕(ା,⋅)(௔భ,௔మ,௔య,௔ర)(𝑔̅(𝑥), 𝑔̅(𝑦)) = 𝑎ଵ ⋅ 𝑔̅(𝑥) ∙ 𝑔̅(𝑦) + 𝑎ଶ ⋅ 𝑔̅(𝑥) + 𝑎ଷ ⋅ 𝑔̅(𝑦) + 𝑎ସ, ቀ𝒕(ା,⋅)(௔భ,௔మ,௔య,௔ర)(𝑓(𝑥), 𝑓(𝑦))ቁ௚ത = 𝑡௚ത൫⊕തതത೒ഥ ,⊙തതതത೒ഥ ൯ቀ௚ത షభ(௔భ),௚ത షభ(௔మ),௚ത షభ(௔య),௚ത షభ(௔ర)ቁ൫𝑓௚ത(𝑥), 𝑓௚ത(𝑦)൯. 

For special 𝑔̅ − 𝑔𝑒𝑛𝑒𝑟𝑎𝑡𝑜𝑟𝑠, 
 𝑔̅(𝑥) = 𝑔̅௔,௥ = 𝑔̅ଵ,ଶ(𝑥) = 𝑥ଶ (𝑖. 𝑒. , 𝑐𝑜𝑛𝑠𝑡𝑎𝑛𝑡 𝑎 = 1 𝑎𝑛𝑑 𝑟 = 2), 𝑔̅(𝑥) = 𝑔̅௔,௥ = 𝑔̅௔,ଶ(𝑥) = 𝑎 ⋅ 𝑥ଶ (𝑖. 𝑒. , 𝑟 = 2), we have the form of 𝒕 − 𝑓𝑢𝑛𝑐𝑡𝑖𝑜𝑛 as: 
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𝒕(ା,⋅)(ଵ,ଵ,ଵ,ଵ) ቀ𝑔̅ଵ,ଶ(𝑥), 𝑔̅ଵ,ଶ(𝑥)ቁ = 𝑥ଶ ∙ 𝑦ଶ + 𝑥ଶ + 𝑦ଶ + 1, 𝒕(ା,⋅)(ଵ,ଵ,ଵ,ଵ) ቀ𝑔̅௔,ଶ(𝑥), 𝑔̅௔,ଶ(𝑥)ቁ = 𝑎ଶ ∙ 𝑥ଶ ∙ 𝑦ଶ + 𝑎 ⋅ 𝑥ଶ + 𝑎 ⋅ 𝑦ଶ + 1. 

 
2.2.4 Generalization of the Pythagorean Equation (𝑐ଶ = 𝑎ଶ + 𝑏ଶ)  as 𝒈ഥ𝟏,𝟐 − 𝑃𝑦𝑡ℎ𝑎𝑔𝑜𝑟𝑒𝑎𝑛 𝐸𝑞𝑢𝑎𝑡𝑖𝑜𝑛  and  𝒕 − 𝑃𝑦𝑡ℎ𝑎𝑔𝑜𝑟𝑒𝑎𝑛 𝐸𝑞𝑢𝑎𝑡𝑖𝑜𝑛 
 
The Pythagorean Equation 𝑐ଶ = 𝑎ଶ + 𝑏ଶ is express by 𝒕 − 𝑓𝑢𝑛𝑐𝑡𝑖𝑜𝑛 in form: 𝑡(ା,⋅)(଴,ଵ,ଵ,଴,଴)൫𝑔̅ଵ,ଶ(𝑎), 𝑔̅ଵ,ଶ(𝑏), 𝑔̅ଵ,ଶ(𝑐)൯ = 𝑔̅ଵ,ଶ(𝑎) + 𝑔̅ଵ,ଶ(𝑏) = 𝑎ଶ + 𝑏ଶ.  𝑡(ା,⋅)(଴,଴,଴,ଵ,଴)൫𝑔̅ଵ,ଶ(𝑎), 𝑔̅ଵ,ଶ(𝑏), 𝑔̅ଵ,ଶ(𝑐)൯ = 𝑔̅ଵ,ଶ(𝑐) = 𝑐ଶ.  

The Pythagorean equation (𝒕 − 𝑃𝑦𝑡ℎ𝑎𝑔𝑜𝑟𝑒𝑎𝑛 𝐸𝑞𝑢𝑎𝑡𝑖𝑜𝑛): 
• 𝑡(ା,⋅)(଴,ଵ,ଵ,଴,଴)൫𝑔̅ଵ,ଶ(𝑎), 𝑔̅ଵ,ଶ(𝑏), 𝑔̅ଵ,ଶ(𝑐)൯ = 𝑡(ା,⋅)(଴,଴,଴,ଵ,଴)൫𝑔̅ଵ,ଶ(𝑎), 𝑔̅ଵ,ଶ(𝑏), 𝑔̅ଵ,ଶ(𝑐)൯, 
• ൫𝒈ഥ𝟏,𝟐 − 𝑃𝑦𝑡ℎ𝑎𝑔𝑜𝑟𝑒𝑎𝑛 𝐸𝑞𝑢𝑎𝑡𝑖𝑜𝑛൯:  𝑔̅ଵ,ଶ(𝑐) = 𝑔̅ଵ,ଶ(𝑎) + 𝑔̅ଵ,ଶ(𝑏). 
The hypotenuse c of right-angled triangle with sides a, b as 𝒄𝒈ഥ𝟏,𝟐 : 

• ൫𝒈ഥ𝟏,𝟐 − ℎ𝑦𝑝𝑜𝑡𝑒𝑛𝑢𝑠𝑒൯: 𝒄𝒈ഥ𝟏,𝟐 = 𝑔̅ଵ,ଶିଵ ቀ𝑔̅ଵ,ଶ(𝑎) + 𝑔̅ଵ,ଶ(𝑏)ቁ = 𝑎 ⊕തതത௚തభ,మ 𝑏  . 

 

2.2.5 Generalization of  the d𝑖𝑠𝑡𝑎𝑛𝑐𝑒 𝑑(𝑀ଵ, 𝑀ଶ) as 𝒈ഥ𝟏,𝟐 − 𝑑𝑖𝑠𝑡𝑎𝑛𝑐𝑒 ቀ 𝑑௚തభ,మ(𝑀ଵ, 𝑀ଶ)ቁ 

 
For two points 𝑀ଵ(𝑥ଵ, 𝑦ଵ),  𝑀ଶ(𝑥ଶ, 𝑦ଶ) in a plain (2D, or the same we can use for 3D format), we take  𝒈ഥ𝟏,𝟐 −𝑑𝑖𝑠𝑡𝑎𝑛𝑐𝑒: 𝑡(ା,⋅)(଴,ଵ,ଵ,଴)൫𝑔̅ଵ,ଶ(𝑥ଶ − 𝑥ଵ), 𝑔̅ଵ,ଶ(𝑦ଶ − 𝑦ଵ)൯ = 𝒅(𝑀ଵ, 𝑀ଶ) =  = 𝑔̅ଵ,ଶ(𝑥ଶ − 𝑥ଵ) + 𝑔̅ଵ,ଶ(𝑦ଶ − 𝑦ଵ) = (𝑥ଶ − 𝑥ଵ)ଶ + (𝑦ଶ − 𝑦ଵ)ଶ. 𝑔ଵ,ଶିଵ ቀ𝑔̅ଵ,ଶ(𝑥ଶ − 𝑥ଵ) + 𝑔̅ଵ,ଶ(𝑦ଶ − 𝑦ଵ)ቁ = (𝑥ଶ − 𝑥ଵ) ⊕തതത௚തభ,మ (𝑦ଶ − 𝑦ଵ). 𝒕𝒈ഥ𝟏,𝟐ቀ⊕തതത𝒈ഥ𝟏,𝟐,⊙തതത𝒈ഥ𝟏,𝟐ቁ(𝟎,𝟏,𝟏,𝟎)(𝒙𝟐 − 𝒙𝟏, 𝒚𝟐 − 𝒚𝟏) = 𝒅𝒈ഥ𝟏,𝟐(𝑴𝟏, 𝑴𝟐) = (𝒙𝟐 − 𝒙𝟏) ⊕തതത𝒈ഥ𝟏,𝟐 (𝒚𝟐 − 𝒚𝟏). 

Specific case, when 𝑂(0,0) is the origin of coordinate system: 𝒕𝒈ഥ𝟏,𝟐ቀ⊕തതത𝒈ഥ𝟏,𝟐,⊙തതത𝒈ഥ𝟏,𝟐ቁ(𝟎,𝟏,𝟏,𝟎)(𝒙𝑴, 𝒚𝑴) = 𝒅𝒈ഥ𝟏,𝟐(𝑶, 𝑴) = 𝒙𝑴 ⊕തതത௚തభ,మ 𝒚𝑴. 

 
2.2.6 Some Generalization in Trigonometry 
 
2.2.6.1 Generalization of the Basic Formula of Trigonometry as the 𝑔̅ଵ,ଶ − 𝐵𝑎𝑠𝑖𝑐 𝐹𝑜𝑟𝑚𝑢𝑙𝑎 𝑜𝑓 𝑇𝑟𝑖𝑔𝑜𝑛𝑜𝑚𝑒𝑡𝑟𝑦 
 
From Basic Formula of Trigonometry to  𝑔̅ଵ,ଶ −  𝐹𝑜𝑟𝑚𝑢𝑙𝑎    (𝑐𝑜𝑠𝜑)ଶ + (𝑠𝑖𝑛𝜑)ଶ = 1 ⟺ 𝑡(ା,⋅)(଴,ଵ,ଵ,଴)൫𝑔̅ଵ,ଶ(𝑐𝑜𝑠𝜑), 𝑔̅ଵ,ଶ(𝑠𝑖𝑛𝜑)൯ = 1 ⟺  ⟺ 𝑔̅ଵ,ଶ(1) = 𝑔̅ଵ,ଶ(𝑐𝑜𝑠𝜑) + 𝑔̅ଵ,ଶ(𝑠𝑖𝑛𝜑) ⟺  

 ⟺ 1 = 𝑔̅ଵ,ଶ ିଵ ቀ𝑔̅ଵ,ଶ(𝑐𝑜𝑠𝜑) + 𝑔̅ଵ,ଶ(𝑠𝑖𝑛𝜑)ቁ ⟺ 

 ⟺ 1 = 𝑐𝑜𝑠𝜑 ⊕തതത௚തభ,మ 𝑠𝑖𝑛𝜑. 𝒈ഥ𝟏,𝟐 − 𝐵𝑎𝑠𝑖𝑐 𝐹𝑜𝑟𝑚𝑢𝑙𝑎 𝑜𝑓 𝑇𝑟𝑖𝑔𝑜𝑛𝑜𝑚𝑒𝑡𝑟𝑦: 𝟏 = 𝒄𝒐𝒔𝝋 ⊕തതത௚തభ,మ 𝒔𝒊𝒏𝝋. 
 
2.2.6.2 Generalization of trigonometric formulas, trig functions - sin, cos, tan, cot (for angles 𝜑 in the first quadrant) 
 𝒄𝒐𝒔𝝋 = ඥ1 − (𝑠𝑖𝑛𝜑)ଶ = 𝑔̅ଵ,ଶ ିଵ ቀ1 − 𝑔̅ଵ,ଶ(𝑠𝑖𝑛𝜑)ቁ = 

          = 𝑔̅ଵ,ଶ ିଵ ቀ𝑔̅ଵ,ଶ(1) − 𝑔̅ଵ,ଶ(𝑠𝑖𝑛𝜑)ቁ = 1 ⊖തതത௚భ,మ 𝑠𝑖𝑛𝜑. 𝒔𝒊𝒏𝝋 = ඥ1 − (𝑐𝑜𝑠𝜑)ଶ = 𝑔̅ଵ,ଶ ିଵ ቀ1 − 𝑔̅ଵ,ଶ(𝑐𝑜𝑠𝜑)ቁ = 

          = 𝑔̅ଵ,ଶ ିଵ ቀ𝑔ଵ,ଶ(1) − 𝑔̅ଵ,ଶ(𝑐𝑜𝑠𝜑)ቁ = 1 ⊖തതത௚భ,మ 𝑐𝑜𝑠𝜑. 
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The relations below show the relationship between the trigonometric functions sin, cos as well as the expression 
depending on pseudo-Negation 𝑵𝒈ഥ𝟏,𝟐  , (𝑔̅ଵ,ଶ −  𝑁𝑒𝑔𝑎𝑡𝑖𝑜𝑛): 𝒄𝒐𝒔𝝋 = 1 ⊖തതത௚തభ,మ 𝑠𝑖𝑛𝜑 = 𝑵𝒈ഥ𝟏,𝟐(𝒔𝒊𝒏𝝋),    𝒔𝒊𝒏𝝋 = 1 ⊖തതത௚തభ,మ 𝑐𝑜𝑠𝜑 = 𝑵𝒈ഥ𝟏,𝟐(𝒄𝒐𝒔𝝋). 𝒕𝒈𝜶 = ௦௜௡ఈ௖௢௦ఈ   (𝑡𝑔𝛼)ଶ = (௦௜௡ఈ)మ(௖௢௦ఈ)మ    𝑔̅ଵ,ଶ(𝑡𝑔𝛼) = ௚തభ,మ(௦௜௡ఈ)௚തభ,మ(௖௢௦ఈ), 𝒕𝒈𝜶 = 𝑔̅ଵ,ଶ ିଵ ൬௚തభ,మ(௦௜௡ఈ)௚തభ,మ(௖௢௦ఈ)൰ = 𝑠𝑖𝑛𝛼 ⊘തതത௚భ,మ 𝑐𝑜𝑠𝛼, 𝒄𝒐𝒕𝜶 = 𝑔̅ଵ,ଶ ିଵ ൬௚തభ,మ(௖௢௦ఈ)௚തభ,మ(௦௜௡ఈ)൰ = 𝑐𝑜𝑠𝛼 ⊘തതത௚భ,మ 𝑠𝑖𝑛𝛼, 𝑡𝑔𝛼 = ଵ௖௢௧௚ఈ  𝑔̅ଵ,ଶ(𝑡𝑔𝛼) = ௚തభ,మ(ଵ)௚തభ,మ(௖௢௧௚ఈ)  so, 𝒕𝒈𝜶 = 𝑔̅ଵ,ଶ ିଵ ൬ ௚തభ,మ(ଵ)௚തభ,మ(௖௢௧௚ఈ)൰ = 1 ⊘തതത௚భ,మ 𝑐𝑜𝑡𝛼 = 𝑵𝒈ഥ𝟏,𝟐(𝒄𝒐𝒕𝜶). 

In the same form, the relations below show the relationship between the trigonometric functions tan, cot as well as 
the expression depending on pseudo-Negation 𝑵𝒈ഥ𝟏,𝟐  , (𝑔̅ଵ,ଶ −  𝑁𝑒𝑔𝑎𝑡𝑖𝑜𝑛): 𝒕𝒈𝜶 = 1 ⊘തതത௚భ,మ 𝑐𝑜𝑡𝛼 = 𝑵𝒈ഥ𝟏,𝟐(𝒄𝒐𝒕𝜶), 𝒄𝒐𝒕𝜶 = 1 ⊘തതത௚భ,మ 𝑡𝑔𝛼 = 𝑵𝒈ഥ𝟏,𝟐(𝒕𝒈𝜶). 

For each trigonometric function - sin, cos, tan, cot, we can apply the 𝑔̅ଵ,ଶ −  𝑇𝑟𝑎𝑛𝑠𝑓𝑜𝑟𝑚  and the four 
equations are simple forms: (𝑠𝑖𝑛𝛼)௚ത = 𝒔𝒊𝒏𝒈ഥ𝟏,𝟐𝜶 = 𝑔̅ଵ,ଶିଵ ൬𝑠𝑖𝑛 ቀ𝑔̅ଵ,ଶ(𝛼)ቁ൰ = √𝑠𝑖𝑛𝛼ଶ, (𝑐𝑜𝑠𝛼)௚ത = 𝒄𝒐𝒔𝒈ഥ𝟏,𝟐𝜶 = 𝑔̅ ଵ,ଶିଵ ൬𝑐𝑜𝑠 ቀ𝑔̅ଵ,ଶ(𝛼)ቁ൰ = √𝑐𝑜𝑠𝛼ଶ, (𝑡𝑔𝛼)௚ത = 𝒕𝒈𝒈ഥ𝟏,𝟐𝜶 = 𝑔̅ ଵ,ଶିଵ ൬𝑡𝑔 ቀ𝑔̅ଵ,ଶ(𝛼)ቁ൰ = ඥ𝑡𝑔𝛼ଶ, (𝑐𝑜𝑡𝛼)௚ത = 𝒄𝒐𝒕𝒈ഥ𝟏,𝟐𝜶 = 𝑔̅ଵ,ଶିଵ ൬𝑐𝑜𝑡 ቀ𝑔̅ଵ,ଶ(𝛼)ቁ൰ = √𝑐𝑜𝑡𝛼ଶ. 

For each trigonometric function - sin, cos, we can use the relationship with the 𝑔̅ଵ,ଶ − 𝑁𝑒𝑔𝑎𝑡𝑖𝑜𝑛, thus we obtain 
the following equations: 𝑵𝒈ഥ𝟏,𝟐൫𝑐𝑜𝑠௚തభ,మ𝛼൯ = 𝑔̅ଵ,ଶ ିଵ ቀ1 − 𝑔̅ଵ,ଶ൫𝑐𝑜𝑠௚തభ,మ𝛼൯ቁ = 𝑔̅ଵ,ଶିଵ ൭1 − 𝑔̅ଵ,ଶ ቆ𝑔̅ଵ,ଶିଵ ൬𝑐𝑜𝑠 ቀ𝑔̅ଵ,ଶ(𝛼)ቁ൰ቇ൱ == 𝑔̅ଵ,ଶିଵ ൬1 − 𝑐𝑜𝑠 ቀ𝑔̅ଵ,ଶ(𝛼)ቁ൰, 𝑵𝒈ഥ𝟏,𝟐൫𝑠𝑖𝑛௚തభ,మ𝛼൯ = 𝑔̅ ଵ,ଶିଵ ቀ1 − 𝑔̅ଵ,ଶ൫𝑠𝑖𝑛௚തభ,మ𝛼൯ቁ = 𝑔̅ଵ,ଶ ିଵ ൭1 − 𝑔̅ଵ,ଶ ቆ𝑔̅ଵ,ଶିଵ ൬𝑠𝑖𝑛 ቀ𝑔̅ଵ,ଶ(𝛼)ቁ൰ቇ൱ == 𝑔̅ଵ,ଶ ିଵ ൬1 − 𝑠𝑖𝑛 ቀ𝑔̅ଵ,ଶ(𝛼)ቁ൰. 

We can present these relationships in simple forms: 𝑵𝒈ഥ𝟏,𝟐൫𝒄𝒐𝒔𝒈ഥ𝟏,𝟐𝜶൯ = √𝟏 − 𝒄𝒐𝒔𝜶𝟐, 𝑵𝒈ഥ𝟏,𝟐൫𝒔𝒊𝒏௚ത𝟏,𝟐𝜶൯ = √𝟏 − 𝒔𝒊𝒏𝜶𝟐. 
 

 Results and Discussions  
 
The study method used as well as the application of Pseudo-Analysis knowledge in some areas examined in this study 
(but not only) have led us to some important results, discussions regarding the treatments made in the paper as well as 
the study perspective of our work further research. 

 Based on the extended forms of  𝒈ഥ − 𝑐𝑎𝑙𝑐𝑢𝑙𝑢𝑠, 𝒈ഥ − 𝑔𝑒𝑛𝑒𝑟𝑎𝑡𝑜𝑟𝑠 and the definition of the Parameterized 
Nonlinear Functions (𝒕)  and Parameterized Pseudo-Nonlinear Functions (𝒕𝒈ഥ)  we present the relations 
between them. These relationships helped us to carry out the study related to the generalizations of Pseudo-
Analysis in the fields studied according to the respective applications. 
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 Pseudo-Analysis and Pseudo-Linear Algebra are fields with many close connections,  especially the 𝒈ഥ −𝑇𝑟𝑎𝑛𝑠𝑓𝑜𝑟𝑚 of the linear sistems to 𝑔̅ − 𝑙𝑖𝑛𝑒𝑎𝑟 𝑠𝑖𝑠𝑡𝑒𝑚 open us a good line for further study about matrix. 
In our future research, the cases where pseudo-arithmetic operations are idempotent will be of interest, 
extending the study to applications of Idempotent Pseudo-Analysis. 

 The use of some special 𝑔̅௔,௥ − 𝑔𝑒𝑛𝑒𝑟𝑎𝑡𝑜𝑟𝑠, the role of them in construction of  𝒈ഥ − 𝑓𝑢𝑛𝑐𝑡𝑖𝑜𝑛 and 𝒈ഥ −𝑁𝑒𝑔𝑎𝑡𝑖𝑜𝑛  have led us to important relationships, giving us the opportunity to study some interesting 
applications in different fields.  

 The proces of generalizations and modifications by 𝒈ഥ − 𝑡𝑟𝑎𝑛𝑠𝑓𝑜𝑟𝑚𝑠  of composition of some real 
continuous parameterized functions with other special functions, bring some connections of Pseudo-Analysis 
with other fields such as Pseudo-Linear Algebra, Information Theory, Probability, Combinatorics, Geometry, 
Trigonometry, Elementary Algebra and other areas of pure mathematics connected with combinatorial 
problems. 

 Δ − 𝑃𝑎𝑠𝑐𝑎𝑙’𝑠 𝑇𝑟𝑖𝑎𝑛𝑔𝑙𝑒  formula is treated with input (0) from two sides (left-right) of the triangle ൫0 ⊕തതത௚തೌ,ೝ 1൯ = ൫1 ⊕തതത௚തೌ,ೝ 0൯ = ቀ𝑔̅௔,௥ ିଵ(𝑎)ቁ   and  ( 𝑔̅௔,௥ − 𝑛𝑜𝑟𝑚𝑒𝑑)  𝑔̅௔,௥ ିଵ(𝑎) = 1 . By the 𝑔̅ =𝑔̅௔,ଵ = 𝑔̅ଵ,ଵ − 𝑇𝑟𝑎𝑛𝑠𝑓𝑜𝑟𝑚 of the  Δ − 𝑃𝑎𝑠𝑐𝑎𝑙’𝑠 𝑇𝑟𝑖𝑎𝑛𝑔𝑙𝑒  formula, we take  Δ௚തೌ,భ = Δ௚തభ,భ =  Δ −𝑃𝑎𝑠𝑐𝑎𝑙’𝑠 𝑇𝑟𝑖𝑎𝑛𝑔𝑙𝑒 formula (𝑔̅௔,௥ − 𝑛𝑜𝑟𝑚𝑒𝑑), as the classical one. 
 In Information Theory, through examples using the meaning of entropy as a logarithmic measure of the rate of 

information transfer in a given language or message, we present the relation between the meaning of 𝑔̅ −𝑒𝑛𝑡𝑟𝑜𝑝𝑦  ቀ𝐻௚തି௔,௠,ே೒ഥష೘൫⨁ഥ ೒ഥ ,⊙തതത೒ഥ ൯ ቁ  with the meaning of entropy ቀ𝐻௔,  ௣,ଵି௣ (ା,   ∙ ) ቁ , realized through the 𝑔̅௔,௥ −𝑙𝑜𝑔𝑎𝑟𝑖𝑡ℎ𝑚𝑖𝑐 𝑓𝑢𝑛𝑐𝑡𝑖𝑜𝑛, i.e. a 𝑔̅ − 𝑇𝑟𝑎𝑛𝑠𝑓𝑜𝑟𝑚𝑎𝑡𝑖𝑜𝑛 and 𝑔̅ − 𝑁𝑒𝑔𝑎𝑡𝑖𝑜𝑛 ൫𝑁௚തି௠൯. 
 The interesting relations between the trigonometric functions sin, cos, tan, cot performed by 𝑔̅ −𝑇𝑟𝑎𝑛𝑠𝑓𝑜𝑟𝑚 as well as the expression depending on Pseudo-Negation 𝑁௚തభ,మ , show the role of Generated 

Pseudo-Analysis as a generalization of the Classical Analysis and connections with other fields. As a result, 
we have created an expanded table of trigonometric function relationships which will be further enriched. 

 The classes (I, IV) of real continuous parameterized nonlinear and pseudo-nonlinear functions showed their 
importance and role in these connections between fields along with interesting applications, as well as during 
transformations.  

 
 Conclusions  

 
 The interesting relations performed by 𝒈ഥ − 𝑇𝑟𝑎𝑛𝑠𝑓𝑜𝑟𝑚  for some important function and formula shown 

through applications, as well as the expression depending on Pseudo-Negation 𝑵𝒈ഥ𝒂,𝒓 , highlight the role of 
Generated Pseudo-Analysis as a generalization of the Classical Analysis. 

 In the focus of our research work will be more investigations and developments on classes of the Nonlinear 
Functional Equations ൫𝑁𝐿. 𝐹. 𝐸𝑞. −𝑓௚ത൯ the Pseudo-Nonlinear Functional Equations ൫𝑃𝑁𝐿. 𝐹. 𝐸𝑞. −𝑓௚ത ∘ 𝑡௚ത൯ 
modified by  𝑔̅ − 𝑡𝑟𝑎𝑛𝑠𝑓𝑜𝑟𝑚. (classes I, II, III, IV) which are also conditioned by other generators of study 
importance.  

 There are also many developments in these fields as well as in others, which can be addressed in our study 
work and which will be presented further (treatments that could not be included in this work).  

 The theory of Pseudo-Analysis puts us in front of new perspectives for research and more interesting 
applications of Generated and Idempotent Pseudo-Analysis in other fields. 

 
References  
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I. Marinová ́, “Integrations with respect to a ⨁-measure”, Math. Slovaca 36, (1986), pp.15-22 
J. Acz𝑒́l, “Lectures on Functional Equations and their Applications”, Academic Press, New York, 1966. 
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J. Rybárik,“g-FUNCTIONS”, Univ. u Novom Sadu, Zb. Rad. Prirod.-Mat. Fak. Ser. Mat. 25,1 (1995), 29-38.  
Kalinowski, J. (2002): On equivalence and rank preserving operators, novi sad J. Math. Vol 32, No. 1, 133-139. 
M. Sugeno, T. Murofushi, “Pseudo-additive Measure and Integrals”, J. Math. Appl.122 (1987), f. 197-222.  
M. Sugeno,T. Murofushi, Pseudo-additive Measure and Integrals, J. Math. Appl.122 (1987), pp. 197-222.   
N. Ralevic ́, “Some new properties of g-calculus”, Univ. u Novom Sadu Zb. Rad. Prirod.-Mat. Fak. Ser. Mat. 24,1 (1994), pp. 139-157. 
P. Poncet, “Pseudo-multiplication and their  properties”, arXiv:1301.0761 [math.RA], 4 Jan  2013. https://www.researc 

hgate.net/publication/234054683_Pseudo-multiplications_and_their_properties. 
R. Mesiar, Fuzzy Sets and Probability Theory, Tatra Mountains Math.,Publ.,1 (1992), 105-123. 
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