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Abstract

Many-valued logic, later known as polyvalent logic, emerged from Jan tukasiewicz’s critical reexamination of Aristotle’s
principles of non-contradiction and the law of the excluded middle. A philosopher and logician of the Lviv-Warsaw
School, tukasiewicz drew inspiration from Aristotelian texts, which, as Niels Offenberger has argued, contain
conceptual antecedents of many-valued reasoning. Building on these insights, tukasiewicz developed polyvalent logic
within the framework of an indeterministic philosophy, which he regarded as the indispensable ‘metaphysical
substratum’ of non-classical logic. By examining the transition from strict bivalence to the notion of objective
possibility, together with tukasiewicz’s original parenthesis-free symbolic notation (Polish notation) and the influence
of nineteenth-century mathematical structuralism, this paper analyzes the historical and theoretical factors that
facilitated the emergence of polyvalent logic. Particular attention is devoted to tukasiewicz’s innovative symbolic
notation and its role for the analysis of logical objects. Drawing on the existing literature, the study investigates the
intellectual and historical circumstances that fostered this development and explores the new perspectives it opened for
subsequent advances in logic, ultimately contributing to the emergence of logical pluralism.
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1. Introduction

The emergence of polyvalent logic in the early twentieth century challenged the long-standing
paradigm of classical bivalence. To account for this paradigm shift, historians and logicians have
historically oscillated between two opposing frameworks: viewing polyvalent systems either as the
discovery of pre-existing ontological truth values or as the product of arbitrary human invention. This
paper argues that the emergence of polyvalent logic is best understood by adopting a constructivist
framework. From this perspective, logical objects are conceived as dynamic intellectual constructions,
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conceptualized to address specific metaphysical and systemic limitations inherent in traditional logical
systems. The development of polyvalent logic can be traced through a rigorous evolutionary trajectory.
First, we examine its roots in classical antiquity, by investigating Aristotle's text for embryonic
departures from strict bivalence, as suggested by Niels Offenberger in Zur Vorgeschichte der
mehrwertigen Logik in der Antike (Offenberger, 2014). Further analysis examines how Jan Lukasiewicz
integrated these early insights into an indeterministic philosophical framework, thereby creating a
robust formal system capable of accommodating objective possibility. Subsequently, we address the
technical implementation of this system, demonstrating how Lukasiewicz’s original parenthesis-free
symbolic notation bridged the gap between mathematical structuralism and formal philosophy.

Finally, the paper considers the broader implications of the polyvalent turn for the development
of contemporary logical pluralism. In doing so, it reconstructs the historical context of this
transformation, examines the debates that accompanied it, and evaluates the theoretical perspectives
that emerged from one of the most significant innovations in modern logic.

2. Results
2.1 Polyvalent Logic as Conceptual Construction

To understand the historical evolution of polyvalent systems, it is first necessary to move beyond the
traditional debate over whether logical structures are discovered or invented. The claim that
polyvalent logic was ‘discovered’ presupposes an independent pre-existing ontological reality. Yet,
apart from certain modal intuitions found in Aristotle’s Organon, no formalized conception of
polyvalent logic existed prior to Lukasiewicz. Conversely, labeling logic as a mere ‘invention’ reduces
its principles to arbitrary constructions, thereby failing to capture the structural validity and rational
coherence of mental objects. This apparent dilemma can be solved by conceiving logic as an act of
conceptual construction. From this perspective, logical systems are neither passively discovered nor
arbitrarily invented; rather, they are intellectually constructed in response to specific theoretical and
conceptual problems. As Corrado Mangione and Silvio Bozzi observe, Lukasiewicz deliberately avoided
strong ontological commitments, presenting his work simply as the structural introduction of
objective possibility into existing frameworks (Mangione & Bozzi, 1993, p. 485). In this sense, the
emergence of polyvalent logic may be understood as the creation of a new conceptual architecture
designed to address limitations inherent in classical bivalent systems while preserving formal rigor and
logical consistency. For this reason, the historian of philosophy Stefano Poggi, discussing the nature of
concepts and referring to Kuno Fischer, writes that concepts are “operazioni dell'intelletto allo stesso
modo in cui le quantita matematiche esistono solo nel momento in cui vengono intuite e costruite, cosi i
concetti puri esistono solo nel momento in cui vengono pensati [operations of the intellect; just as
mathematical quantities exist only at the moment they are intuited and constructed, so pure concepts
exist only at the moment they are thought]” (Poggi, 1977, p. 17). Thus, pure concepts exist only insofar
as they are actively conceived and structurally constructed. From this perspective, mathematical and
logical entities are not passive reflections of an external reality but products of creative intellectual
activity. This constructivist turn represents a paradigm shift, reconceiving mathematical and logical
frameworks as outcomes of intellectual freedom rather than as static structures of external facts. On
this point, Carlo Cellucci cites an interesting passage from Dieudonné: “L’attivita di un cervello creativo
non ha mai avuto una spiegazione razionale, in matematica come in altri campi [The activity of a
creative brain has never had a rational explanation, in mathematics as in other fields]” (Cellucci, 2003,
p. XVII). Cellucci also emphasizes the influence of Romanticism on the history of mathematics, citing the
thought of Novalis, who maintained that the mathematician creates the concepts through an act of will
and with a determination that must be arbitrary. At the core is a spontaneous and completely free
creative act (Cellucci, 2003, p. 38).

From Novalis to Dedekind, numerous figures throughout history of mathematics argued that
mathematical objects emerge through the free and creative activity of the human intellect. “Dedekind
sostiene che i concetti matematici sono qualcosa di nuovo che la nostra anima crea. Apparteniamo a
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una razza divina e abbiamo la capacita di creare non solo cose materiali - ferrovie, telegrafi - ma
specificamente oggetti mentali [Dedekind argues that mathematical concepts are a something new that
the soul creates. Humans belong to a divine race and possess the ability to create not only material
things-railways, telegraphs-but specifically mental objects]” (Cellucci, 2003, p. 40).

Returning to the concept of ‘construction’ in logic, a passage from the volume Storia della Logica,
addresses this issue briefly to Lukasiewicz:

.. lorizzonte nel quale si pone Lukasiewicz e diverso e in un certo senso piu ideologicamente
connotato di quello di Lewis, legato com’é al problema del determinismo e del libero arbitrio e la
costruzione di queste nuove logiche polivalenti gli sembra offrire una soluzione a quella costruzione
razionale cui & sottoposta la scienza fondata sulla logica aristotelica [.. the horizon on which
Lukasiewicz positions himself is different, and in a certain sense, more ideologically charged than that
of Lewis, linked as it is to the problem of determinism and free will, and he sees the construction of
these new polyvalent logics as offering a solution to that rational construction to which science founded
on Aristotelian logic is subjected] (Mangione & Bozzi,1993, p. 484).

In this context, polyvalent logic is neither a passive archaeological discovery nor an arbitrary
mechanical invention; rather, it is a rigorous and internally coherent conceptual construction designed
to address limitations inherent in traditional modes of thought. Accordingly, it is more fruitful to focus
on the historical process through which new logical systems emerge. From this perspective,
Lukasiewicz’s achievement may be understood as the systematic introduction and formalization of
intermediate truth values within a coherent logical framework. Such an interpretation avoids
unnecessary metaphysical commitments while highlighting the genuine originality of his contribution.
More importantly, it enables us to focus on the historical and theoretical consequences of polyvalent
logic, which ultimately extended far beyond the original debate concerning its ontological status.

2.2 The Seeds of Polyvalent Logic in Aristotle

Certain conceptual antecedents of polyvalent logic may be identified in antiquity. In Die Vorgeschichte
der mehrwertigen Logik in der Antike, Niels Offenberger sought textual evidence in ancient Greek
philosophy - particularly the Aristotelian corpus- to identify textual evidence for modes of thought that
departed from strict bivalent reasoning. Commenting on Offenberger’s interpretation, Mauro Mariani
argues that these elements should not be regarded as a genuine discovery of polyvalent logic. Rather,
they are better understood as the historical and conceptual foundations upon which tLukasiewicz later
constructed a sui generis modal logic capable of formally articulating and, to a considerable extent,
justifying Aristotle’s insights into modal syllogistic reasoning. “Si tratta piuttosto della costruzione di
una logica modale sui generis all'interno della quale, secondo Lukasiewicz & possibile giustificare, in
larga misura almeno, quanto Aristotele dice a proposito dei sillogismi modali [It is rather the
construction of a sui generis modal logic within which, according to Lukasiewicz, it is possible—at least
to a large extent—to justify what Aristotle says regarding modal syllogisms]” (Offenberger, 2014, p.
10).

In any case, the most significant classical departure from strict bivalence is found in Aristotle’s De
Interpretatione, where he addresses the problem of future contingent events (events that are not
necessary): “For example, a sea-fight must either take place tomorrow or not. No necessity is there,
however, that it should come to pass or should not. What is necessary is that it either should happen
tomorrow or not” (Aristotle, 1962, p. 139).

According to Aristotle, while a naval battle must either occur tomorrow or not occur, the
proposition predicting that event is not necessarily true or false at the present moment. Instead, it
remains merely possible. Mariani therefore argues that, although this intuition implies that certain
statements may lack a determinate truth value, Aristotle restricted such departures from strict
bivalence exclusively to modal and temporal contexts: “la polivalenza emerge solo nell’ambito della
logica modale e temporale [polyvalence emerges only within the domain of modal and temporal logic]”
(Offenberger, 2014, p. 10).

Beyond De Interpretatione, Offenberger argues that Aristotle’s Prior Analytics (B, 2-4) contains
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further conceptual features that may be regarded as antecedents of later many-valued approaches to
logic. In this context, Aristotle analyzes valid syllogistic arguments in which false premises can
nevertheless yield true conclusions. According to Offenberger’s interpretation, Aristotle thereby
introduces a subtle gradation in falsity, distinguishing between propositions that are ‘completely false’
(when the contrary statement is true), and those that are ‘partially false’, (when only the contradictory
statement is true).

Offenberger further maintains that Aristotle distinguishes not only between science and opinion,
but also between the ‘necessarily true’ and the ‘simply true’ on the one hand, and between ‘the false’
and ‘the impossible’ on the other. In doing so, Aristotle appears to introduce a modal distinction within
the fundamental truth values themselves, namely within the categories of truth and false. (Offenberger,
2014, p. 46).

Furthermore, Offenberger draws attention to a passage from Book I of Aristotle’s Metaphysics in
which Aristotle discusses different degrees of truth and falsity, thereby suggesting a form of gradation
within both categories.

Again, however much all things may be 'so and not so', still there is a more and a less in the nature
of things; for we should not say that two and three are equally even, nor is the one who thinks four
things are five equally wrong with him who thinks they are a thousand. If then they are not equally
wrong, obviously one is less wrong and therefore more right. If then that which has more of any quality
is nearer the norm, there must be some truth to which the more true is nearer. And even if there is not,
still there is already something better founded and more like the truth, and we shall have got rid of the
unqualified doctrine which would prevent us from determining anything in our thought. (Aristotle,
1924).

From this perspective, the gradation of truth values highlighted by Offenberger provides
persuasive evidence that Aristotle’s writings contain the conceptual foundations of ideas later
developed within polyvalent logic. The value of Offenberger’s reconstruction does not consist in
attributing a polyvalent logic to Aristotle. Rather, it lies in revealing conceptual tensions within the
framework of strict bivalence and identifying insights into partial truth and graded falsity that would
subsequently acquire theoretical significance in the development of polyvalent logical systems.

2.3 The Discussion on Indeterminism and the Introduction of a Third Truth Value in Logic

While antiquity provided the historical seeds of polyvalent reasoning, Lukasiewicz explicitly grounded
the formal construction of polyvalent logic in a vigorous defense of philosophical indeterminism.
According to him, logical systems that admit intermediate truth values possess a specific metaphysical
substratum: indeterminism. In his essay On Determinism (1946), Lukasiewicz begins with a simple
proposition and uses it to demonstrate what he considered the absurd consequences of logical
determinism: ‘John met Paul in Warsaw’. This statement is unquestionably true once the meeting has
taken place. The crucial question, however, is whether it could already be considered true before the
meeting actually occurred. According to Lukasiewicz, for the determinist, every statement concerning
future events is already true or false before the event in question occurs (Lukasiewicz, 1970, p. 113).
According to determinists, although we do not know how future events will unfold, the future is
already determined. If every proposition concerning future events is determinately true or false at the
present moment, then the future is as irrevocably fixed as the past. For Lukasiewicz, this consequence
exposed a profound philosophical and ethical problem, reducing human agency to passive puppets in a
pre-established course of events.

For Lukasiewicz, determinism is an implausible thesis because it seems to imply that all attempts
to influence events are ultimately without significance. In On Determinism, he acknowledges the
validity of the principle of causality and recognizes its close connection to logical determinism.
Nevertheless, he firmly denies that causality entails a universally predetermined course of events.
According to Lukasiewicz, the existence of causal relations is compatible with genuine contingency, and
therefore events such as a spontaneous meeting between two individuals cannot be considered fixed in
advance. “The fact that events are determined by a cause does not mean that they are predestined from
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the outset” (Lukasiewicz, 1970, p. 117). From his point of view, the fact that bivalent logic implies
determinism, and that determinism leads to the denial of free will, represents a form of ‘reductio ad
absurdum’ of bivalent logic. To overcome this deterministic framework, Lukasiewicz rejected the
universal application of causality to future events, arguing that spontaneous human actions and
contingent occurrences are not predetermined from the outset. By introducing the concept of objective
possibility, his system disrupted the classical conception of a world governed entirely by necessity.
Within this framework, human action is no longer understood as the passive unfolding of a
predetermined sequence of events but as a genuine factor capable of influencing the course of future
developments.

Yet Lukasiewicz's concerns extended beyond purely logical questions. He rejects the conception
of human beings as “passive spectators” and instead defended the view that they are ‘active
participants’ in the formation of events. For Lukasiewicz, indeterminism serves as the metaphysical
condition of possible assertions. In Philosophical Remarks on Many-Valued Systems of Propositional
Logic (1930), he translated this philosophical commitment into formal terms by introducing a third
truth value into propositional logic. Evaluating the contingent statement, “I shall be in Warsaw at noon
on December 21 of next year”, Lukasiewicz argues that, because the event remains genuinely unsettled,
the statement cannot be definitively true (1) or false (0) at the present moment. Since its truth value
has not yet been determined, it requires a third value representing objective possibility. He designated
this intermediate modal value as (%2), representing 'the possible'. “It represents 'the possible’, and joins
'the true' and 'the false' as a third value” (Lukasiewicz, 1970, pp. 165-166).

This innovation significantly transformed truth-functional semantics. For instance, by defining
negation (N) within a trivalent framework, Lukasiewicz established that:

N(1/2)=1/2

This formula reflects the philosophical reality of a proposition whose future truth value remains
objectively undetermined.

For conditional implications (traditionally denoted by —), Lukasiewicz established that when the
truth value of the antecedent is less than or equal to the consequent, the conditional is fully true (1):

(0-1/2)=(1/2-1)=(1/2-1/2)=1 (Lukasiewicz, 1970, p. 88)

Conversely, when the value of the consequent is half that of the antecedent, the conditional yields
a value of 'possible’ (1/2):

(1/2-0)=(1-1/2) =1/2 (Lukasiewicz, 1970, p. 88)

Finally, when a completely true antecedent (1) implies a completely false consequent (0), the
statement remains false (0):

(1-0)=0

This mathematical formalization fundamentally altered classical logical axioms. Most notably, the
law of non-contradiction, expressed in modern notation as:

(aa-a)=0

no longer holds uniformly in trivalent systems. Since the negation of the intermediate value is
itself intermediate, when a proposition (a) assumes the value (1/2), the conjunction yields:

(1/2a1/2)=1/2

Consequently, the expression aa-a is not invariably assigned the value 0. Rather than regarding
this feature as a defect of the system, Lukasiewicz argued that it resolves certain structural antinomies
and constitutes a significant advantage of many-valued logic over classical bivalent systems. By
expanding this framework from three values to an infinite spectrum of values, he created a 'non-
Chrysippean' logic, thereby challenging the doctrine of bivalence that dominated logical thought since
the Stoic tradition.

2.4 The Mathematical Exactness of Symbolic Logic
The rapid formalization of polyvalent systems was significantly facilitated by the interdisciplinary

character of the Lviv-Warsaw School, where philosophy and mathematics were cultivated within a
closely integrated intellectual environment. In his essay On the Principle of Contradiction in Aristotle
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(1971), Lukasiewicz vigorously defended symbolic logic against critics who regarded it as an empty
game of symbols. He emphasized three core values:
e Symbolic logic possesses the exact same rigorous value as the mathematical sciences.
e It offers a precise symbolic language capable of expressing non-mathematical,
philosophical problems with mathematical clarity.
e As a formal theory of logical facts, it is vastly more exact and comprehensive than
traditional, assertoric formal logic (Lukasiewicz, 2003, p. 166)

To achieve a level of formal exactness, Lukasiewicz introduced a distinctive prefix notation,
widely known as Polish notation. By placing logical and modal operators before their arguments rather
than between them, he eliminated the need for parentheses or grouping symbols, exposing the pure
structural properties of the syntax. Within this notation, alethic modalities and standard logical
operations can be represented as follows:

Table 1. Representation of Modal and Logical Expressions in Standard and Polish Prefix Notation

Modal / Logical Expression Standard Symbolic Notation Polish Prefix Notation
It is possible that p op Mp

It is not possible that p -0p NMp

It is possible that not p 0-p MNp

It is impossible that p -0-p NMNp
Implication p—q p—q Cpq
Conjunction paq pAq Kpq
Disjunction pvq pvq Hpq

In the table above, p stands for an arbitrary proposition, N denotes negation, and M denotes possibility.
Within Lukasiewicz’s notation, implication (p — q) is represented by Cpq, whereas conjunction (p A q)
is represented by Kpq (Lukasiewicz, 1972, p. 188). The resulting syntax made it possible to express
highly complex logical structures as single uninterrupted formulas, eliminating unnecessary symbolic
redundancies and revealing the underlying formal organization of logical expressions with remarkable
economy. For example, the traditional syllogism Barbara - " If every b is c and every a is b, then every a
is c"—is rendered without a single parenthesis:

CKAbcAabAac

Here, the conjunction (K) of the two universal premises (Abc and Aab) is represented as a single
prefix expression serving as the antecedent of the conditional (C), from which the conclusion (Aac)
follows. By utilizing substitution rules alongside modus ponens, this clear notation allowed polyvalent
logic to achieve a level of formal precision comparable to that of algebraic systems.

2.5 Continuation of the Discussion on Intermediate Truth Values and ‘Logical Pluralism’

The significance of Lukasiewicz’s system becomes particularly evident when viewed from the
perspective of contemporary logical pluralism. Once the possibility of constructing internally coherent
alternatives to classical bivalent logic had been demonstrated, the assumption that a single logical
system must govern all forms of reasoning could no longer be regarded as self-evident. In this respect,
the emergence of polyvalent logic represents one of the decisive turning points in the history of
modern logic, creating the conditions for the development of a plurality of non-classical logical systems.
Modern scholars have extended Lukasiewicz's critique of bivalence into various philosophical and
computational domains. Alessandro Becchi in a paper published in Logic and Philosophy of Science,
entitled tukasiewicz e il determinismo logico, analyzes Lukasiewicz’s arguments against bivalence,
determinism, and certain moral issues that were central to the debate when he introduced a third
logical value, intermediate between “true” and “false” (Becchi, 2006, p. 39-89). He highlights the
capacity of intermediate truth values to resolve enduring moral and structural dilemmas arising from
logical determinism. Similarly, Franca D’Agostini questions the classical assumption that truth and
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falsity must operate like an exclusive, binary on-off switch, noting that the law of the excluded middle is
far from self-evident. These critiques reinforce the legitimacy of logical frameworks that admit
intermediate truth values and depart from strict bivalence. According to D’Agostini, truth and falsity do
not necessarily stand in a mutually exclusive relationship comparable to binary oppositions such as
on/off or open/closed. Consequently, the possibility of intermediate truth values cannot be ruled out a
priori. D’Agostini poses the following question: “Chi ci dice che tra verita e falsita ci deve essere lo
stesso rapporto che c'e tra acceso - spento, aperto - chiuso? [Who tells us that between truth and
falsehood there must be the same relationship as between on-off, open-closed?]” (D’Agostini, 2012, p.
179). Like Lukasiewicz, D’Agostini challenges the privileged status traditionally accorded to the
principle of the excluded middle, arguing that its validity is neither self-evident nor beyond
philosophical dispute.

Meanwhile, by extending logical analysis beyond the constraints of classical bivalence,
contemporary non-classical frameworks are able to accommodate a wide range of complex linguistic
and empirical phenomena. As Dario and Chiara Palladino observe, many properties—such as young,
old, large, small, tall, and fast—do not possess precisely defined boundaries. Their application often
involves borderline cases that resist straightforward classification within a strictly binary framework.
“Per esempio, consideriamo proprieta come giovane, vecchio, grande, piccolo, alto, veloce, ecc. In casi
come questi, non c'¢ una linea chiara tra gli individui che godono o meno queste proprieta [For
example, consider properties such as young, old, big, small, tall, fast, etc. In cases like these, there is no
clear line between individuals who possess these properties and those who do not]” (Palladino, 2007,
p.155). Because there is no sharp boundary separating individuals who possess such properties from
those who do not, strictly binary valuations often prove inadequate. This limitation creates a strong
rationale for the introduction of intermediate truth values and, more broadly, for the development of
many-valued, probabilistic, deontic, and temporal logical systems. It is for this reason that Palladino
employs the term logical pluralism to describe the coexistence of multiple logical frameworks, each
designed to address different forms of reasoning and domains of inquiry. “Oggi si afferma il pluralismo
logico, che consiste nell'accettare la varieta dei casi a cui si riferisce il nostro ragionamento, quindi si
postula che questi diversi casi richiedano 1'uso di diversi principi e regole di formazione e valutazione
[Today, logical pluralism is affirmed, which consists in accepting the variety of cases to which our
reasoning refers; thus, it is postulated that these different cases require the use of different principles
and rules of formation and evaluation]” (D’Agostini, 2012, p. 116).

Another scholar, Guido Previde Massara, refers to Lukasiewicz in the recent work Manuale di
logica. Logica classica e del senso commune. He points out that human communication and the natural
world are fundamentally shaped by vague, imperfect, and non-apophantic data—such as evaluating the
approximate timeline of human gestation (Magnani & Gennari, 2022). Concerning the rationale behind
this branch of logic, Massara writes: “Fuzzy logic, & quella branca di logica creata principalmente per far
fronte al problema di modellizzazione del ragionamento incerto [Fuzzy logic, is that branch of logic
created mainly to address the problem of modeling uncertain reasoning]” (Magnani and Gennari, 2022,
p. 257). Thus, instead of reducing inherently gradual phenomena to arbitrary binary classifications,
fuzzy logic utilizes a continuum of intermediate truth values to capture the complexity of reality more
adequately. From this perspective, contemporary logical pluralism acknowledges that no single logical
system is capable of accounting for every form of reasoning. Rather, different contexts may require
different logical structures, thereby vindicating Lukasiewicz’s influential claim that logic represents a
dynamic and pluralistic enterprise rather than a fixed and universal framework.

3. Conclusions

This paper has traced the historical and conceptual evolution of polyvalent logic, demonstrating that its
emergence was neither an accidental discovery of external facts nor an arbitrary linguistic invention.
Rather, it represents a deliberate and rigorous conceptual construction. Drawing on insights found
within the Aristotelian corpus and motivated by a commitment to philosophical indeterminism, Jan
Lukasiewicz challenged the doctrine of logical bivalence in order to preserve the validity of free will
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and objective possibility.

The originality of this study lies in establishing a direct connection between the structural
innovations of Lukasiewicz’s parenthesis-free notation system and the subsequent development of
logical pluralism. By demonstrating how prefix notation minimized syntactic ambiguity and clarified
the formal architecture of logical expressions, this analysis has shown how the Lviv-Warsaw school
successfully integrated mathematical structuralism with philosophical inquiry. This structural shift
challenged the traditional dominance of classical bivalence by demonstrating that alternative logical
systems can be internally coherent and theoretically fruitful.

Ultimately, the transition from a single rigid conception of truth to a pluralistic framework has
profoundly influenced modern non-classical systems, from modal analysis to fuzzy logic. By
understanding logic as a dynamic and free creation of the human intellect, this study highlights the
enduring significance of Lukasiewicz’s project, showing how the rejection of absolute logical bivalence
continues to shape contemporary areas of knowledge.
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